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EFL 4+ SAT

Fn(X) < X is a linear hypergraph with n vertices not edge-colorable with n colors
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Fn(X) — ~SAT solver

o we will try to generate a counterexample to EFL with SAT Modulo Symmetries
(SMS) [KS21];
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@ previously, the conjecture has been verified for n < 12 [Hin81, RAP14]; we verify and
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EFL 4+ SAT

Fn(X) < X is a linear hypergraph with n vertices not edge-colorable with n colors
Fn(X) — ~SAT solver

o we will try to generate a counterexample to EFL with SAT Modulo Symmetries
(SMS) [KS21];

@ previously, the conjecture has been verified for n < 12 [Hin81, RAP14]; we verify and
extend this;

o we also verify a generalized conjecture and generate extremal hypergraphs (which need n
colors);

@ inspired by the generated examples, we prove some general theorems about
(non-)extremality;
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Overview of “~SAT solver”
[Symmetry Checkl E Solution

Solution Candidate h\
coloring |

Colorer

Generator :
blocking clause

o Generator is a SAT solver that enumerates models modulo symmetries;
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o Generator is a SAT solver that enumerates models modulo symmetries;
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blocking clause

o Generator is a SAT solver that enumerates models modulo symmetries;
@ Solution candidate is a linear hypergraph that passes F,, but can be colorable;

@ non-colorability cannot be encoded in polynomial size, so we use a 2nd SAT solver;
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Overview of “~SAT solver”
[Symmetry Checkl E Solution

Solution Candidate h\
coloring !

1
Colorer

Generator :
blocking clause

Generator is a SAT solver that enumerates models modulo symmetries;
Solution candidate is a linear hypergraph that passes F,, but can be colorable;

non-colorability cannot be encoded in polynomial size, so we use a 2nd SAT solver;

SMS relies on a custom propagator (in Cadical), the coloring is “incremental”.
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odulo Symmetries for Hypergraphs

@ SMS was recently proposed for graph generation modulo isomorphisms (symmetries);
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o pretend that edges between vertices and between hyperedges are also allowed, and say
they are not there (with unit clauses);
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SAT Modulo Symmetries for Hypergraphs

@ SMS was recently proposed for graph generation modulo isomorphisms (symmetries);
@ avoids the bottlenecks of large static symmetry breaking and generate-and-test methods;

o works with graphs, but we can express hypergraphs as incidence graphs;
- u
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o pretend that edges between vertices and between hyperedges are also allowed, and say
they are not there (with unit clauses);

o linearity = no 4-cycle in the incidence graph.
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Generating non-n-edge-colorable hypergraphs

@ we can now express that we want a linear hypergraph with n vertices and m hyperedges
with a formula of size poly(n, m); but
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Generating non-n-edge-colorable hypergraphs

@ we can now express that we want a linear hypergraph with n vertices and m hyperedges
with a formula of size poly(n, m); but

@ non-colorability requires exponential size;
@ instead, we generate hypergraphs and test for colorability, and ...

@ when a coloring ¢ : H — [x] is found for a candidate, learn a clause that forbids this

coloring;
Vo e
c(er)=c(e2)
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Generating non-n-edge-colorable hypergraphs

@ we can now express that we want a linear hypergraph with n vertices and m hyperedges
with a formula of size poly(n, m); but

@ non-colorability requires exponential size;
@ instead, we generate hypergraphs and test for colorability, and ...

@ when a coloring ¢ : H — [x] is found for a candidate, learn a clause that forbids this

coloring;
\/ Ley e
c(er)=c(e2)
o follows the co-certificate learning method [KPS23];

@ can also generate non-(n — 1)-colorable (extremal) hypergraphs in the same manner;
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Restrictions and generalizations

o adding edges is safe, so we can restrict to linear spaces;
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Restrictions and generalizations

@ adding edges is safe, so we can restrict to linear spaces;
@ works for both counterexample search and extremal search;

@ in graphs, the only linear space is the complete graph Kj;

n n odd

n—1 neven

XI(Kn) = {
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@ works for both counterexample search and extremal search;

@ in graphs, the only linear space is the complete graph Kj;

n n odd

n—1 neven
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e Vizing's Theorem: \/(G) € {A(G), A(G) + 1} (A = max degree);

Markus Kirchweger & Tomas Peitl & Stefan Szeider A SAT Solver's Opinion on the Erdés-Faber-Lovasz Conjecture



Restrictions and generalizations

adding edges is safe, so we can restrict to linear spaces;

works for both counterexample search and extremal search;

in graphs, the only linear space is the complete graph Kj;

n n odd

n—1 neven

XI(Kn) = {

Vizing's Theorem: X/(G) € {A(G), A(G) + 1} (A = max degree);

does not work for linear hypergraphs, but a conjecture says:
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Restrictions and generalizations

@ adding edges is safe, so we can restrict to linear spaces;
@ works for both counterexample search and extremal search;

@ in graphs, the only linear space is the complete graph Kj;

n n odd

XI(Kn) = {

n—1 neven

e Vizing's Theorem: \/(G) € {A(G), A(G) + 1} (A = max degree);

@ does not work for linear hypergraphs, but a conjecture says:

Conjecture (Firedi [Fur86], Berge [Ber89])

Let H = (V, E) be a linear hypergraph, and let ¢ = max,y [[J,..e|. Then H is
(-edge-colorable. (For graphs ( = A +1.)
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EFL verification

Theorem
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Coloring time vs total time for n = 12 Coloring time vs total time for n = 15
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Figure: The distribution of the running times for n = 12 and n = 15.
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FB verification

Theorem
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EFL’ vs FB' Conjecture for n =9 EFL’ vs FB' Conjecture for n = 10
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Figure: The distribution of the running times for the EFL' and FB' conjectures for n € [9, 10].
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Extremal hypergraphs

Theorem
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Chain

K, is extremal precisely when n is odd

n|5 6 7 8 9 10 11

T S AR S
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Hn is extremal precisely when n is odd Hn k is the linear space with one k-edge

and all the rest 2-edges.
|5 6 7 8 9 10 11

n
k
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Hn is extremal precisely when n is odd Hn k is the linear space with one k-edge

and all the rest 2-edges.
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Hn is extremal precisely when n is odd Hn k is the linear space with one k-edge
and all the rest 2-edges.
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Hn is extremal precisely when n is odd Hn k is the linear space with one k-edge
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Hn is extremal precisely when n is odd Hn k is the linear space with one k-edge
and all the rest 2-edges.
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Hn is extremal precisely when n is odd Hn k is the linear space with one k-edge
and all the rest 2-edges.

n|5 6 7 8 9 10 11

k
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Hn is extremal precisely when n is odd Hn k is the linear space with one k-edge
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Hn is extremal precisely when n is odd Hn k is the linear space with one k-edge
and all the rest 2-edges.

n|5 6 7 8 9 10 11

k
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Hn i is extremal when n# k mod 2, and Hn k is the linear space with one k-edge
and all the rest 2-edges.

n|5 6 7 8 9 10 11

k

2|V X Vv X vV X / —

3| X v X /X /X

4\ X v ox Lox Mz = =

5 N S S ]
6 T A S | /]
7 oXx /X

8 A

9 X

10 v
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Hn i is extremal when n# k mod 2, and Hn k is the linear space with one k-edge
sometimes when n= k=1 mod 2 and all the rest 2-edges.
n|5 6 7 8 9 10 11
k
2|v X VvV X vV X / —
3\ x v v /S v vV /
4\ x v X v X/ Hrz = 74
5 AR ST A SR |
6 VR SRV 4 | /1
7 X /X
8 X /
9 X
10 v
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Hn i is extremal when n# k mod 2, and Hn k is the linear space with one k-edge
sometimes when n=k =1 mod 2, but and all the rest 2-edges.
never when n= k=0 mod 2.

n|5 6 7 8 9 10 11

P L
2|v X vV X v X /
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4\ X VX /ox v ]
5| v X vV X / X - <
6 N S

7 oXx /X

8 N
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10 v
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More nice pictures
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Conclusion

e SMS is great for (hyper)graph search with constraints, even for problems with a
coNP-complete constraint; try it out:
» https://sat-modulo-symmetries.readthedocs.io
» https://github.com/markirch/sat-modulo-symmetries
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@ a SAT-based exploration of small cases can inspire general results;
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coNP-complete constraint; try it out:

» https://sat-modulo-symmetries.readthedocs.io
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@ a SAT-based exploration of small cases can inspire general results;

@ highly symmetric hypergraphs are quite hard for SMS;
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https://sat-modulo-symmetries.readthedocs.io
https://github.com/markirch/sat-modulo-symmetries

Conclusion

e SMS is great for (hyper)graph search with constraints, even for problems with a
coNP-complete constraint; try it out:

» https://sat-modulo-symmetries.readthedocs.io
» https://github.com/markirch/sat-modulo-symmetries

@ a SAT-based exploration of small cases can inspire general results;
@ highly symmetric hypergraphs are quite hard for SMS;

@ also hard for coloring, in particular when not colorable (extremal);
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